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Vortex nucleation in strongly sheared velocity layers

Basic facts (in general supported by observations, still to be verified

by experiments)

• in H mode a layer of plasma at the edge rotates poloidally with

strong radial shear: this means a vorticity sheet

• there is a current sheet superposed on the vorticity sheet

• the current-vorticity sheet is unstable and breaks up into filaments

The mechanism of filamentation has the same nature as the instability of

anomalous polytropic (Chaplygin) gases. The parallel dynamics is essential

(is not collisional or Landau saturation).

Previous works: Ott, Trubnikov, Bulanov and Sasorov.
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Vortex nucleation in protoplanetary accreation disks
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Vortex nucleation from unstable strongly sheared velocity layers

The case of the planetary atmosphere
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Non-neutral plasma: Breaking of a ring of vorticity into filaments

Durkin, Schecter, Dubin, etc.
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Stability of sheared layers

Two kinds of perurbations:

cat’s eye,

Rossby waves

Both these instabilities preserve the geometry of the flow.
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Breaking of a sheared velocity layer into filaments of both signs

Flierl and Zabusky
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There is a sort of current sheet at the edge superposed on the

sheared velocity layer

There is a current sheet

superposed on the sheared layer
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Breaking into localised structures of the density distribution in a

layer of current

The width of the layer is initially L0 and it evolves to a profile L

which is variable along the direction y of the layer (poloidal).

Unperturbed state: A = Az (x) = −LB0 ln cosh
(
x
L

)
.

Using the notation

ρ (t, y) =
nL (t, y)

n0L0

we have the usual density conservation

∂ρ

∂t
+

∂

∂y
(ρv) = 0

The current density is

jz = en (viz − vez)
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where

viz − vez =
cB0

2πenL (t, y)
=

const

nL

The equation of motion is

∂v

∂t
+ v

∂v

∂y
=

1

nmic
(−jzBx)

=
e

mic
(viz − vez)

∂A

∂y

When the system is invariant along the z direction then the

generalized momenta of the electrons and of ions are conserved

miviz +
e

c
A = const

mevez − e

c
A = const′
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Then the equation of motion is

∂v

∂t
+ v

∂v

∂y
=

e

mic
(viz − vez)

∂A

∂y
= c20

1

ρ3
∂ρ

∂y
(1)

The solution of the equations of the “Chaplygin” fluid

The two equations
∂ρ

∂t
+

∂

∂y
(ρv) = 0

and
∂v

∂t
+ v

∂v

∂y
= c20

1

ρ3
∂ρ

∂y

is obtained using a hodograph transformation. The formulas are

nL

n0L0
= ρ (t, y) =

sinh (|τ |)
cosh (τ)− cosχ

v

c0
= − sinχ

sinh (|τ |)
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where

τ =
t

t∗
< 0

χ =
x

c0t∗

The time-like variable τ is introduced such that the unperturbed

state is located at t → −∞ and the complete breaking of the layer is

done when

δχ = π , at τ = 0
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Solution showing breaking into singular structure
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Tearing of the current layer

The equations are

∂v

∂t
+ v

∂v

∂x
= − e

mic

(
V (0)
z +

e

mec
A

)
∂A

∂x

∂n

∂t
+

∂

∂x
(nv) = 0

∂2A

∂x2
+

∂2A

∂y2
=

4πeL

c
δ (y)n

(
V (0)
z +

e

mec
A

)

where

V (0)
z ≡ v(0)ez − v

(0)
iz
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This solution is

± y

c0t∗
= χ (τ, ρ)

= λ+ arctan

(
λ

|τ |
)

and

λ =

√
|τ | ρ
1− ρ

− τ2

where

ρ < 1

−∞ < λ < +∞

The solution representing a single hill
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This is of the form

± y

c0t∗
= χ (τ, ρ)

= π + λ− arctan

(
λ

|τ |
)

and

λ =

√
|τ | ρ
ρ− 1

− τ2

The quickest growing solution is the periodic one

± y

c0t∗
= χ (τ, ρ) = z + arctan

(
z

r − 1

)

z =

√
exp (−τ/2)−

(
1

ρ
− 1

)2
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The density varies between the limits

1

1 + exp (− |τ |) = ρmin < ρ <
1

1− exp (− |τ |)
The solution describes periodic hills whose maxima become infinite at

τ → −0

but the minima are never exactly 0.
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The solution from Troubnikov

There is a breaking up of the

density in the layer

The density is higher on both sides of the maxima of vorticity.
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Conclusions

A layer of plasma where there is vorticity concentration (sheared

poloidal rotation) is also an attractor for current density

concentration (three reasons: trivial equilibrium in a high pressure

gradient pedestal; higher bootstrap current, due to high pressure

gradient; and MHD optimal equilibria). This layer is unstable to

separation into distinct highly concentrated regions which at the

limit may become cuasi-singular. The reason of this filamentation is

basically the three dimensional dynamics constrained by the

conservation of the parallel invariant. It turns the balance equations

into those of a gas with anomalous polytropic, like Chaplygin gas.
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How is flow at the edge

This is in Alcator C mode
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Left: Observed filaments in MAST

Right: supposed filaments in MAST

MAST, Kirk 2005
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The idea about filaments in MAST

MAST, Kirk 2005
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From ALCATOR C mode
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Observations on intermittent transport
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The idea about the intermittent structures
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The tearing of the density distribution in a layer of current

The current sheets are unstable to the tearing instability and they

can be torn apart into strips of current.

The width is initially L0 and it evolves to a profile L which is

variable along the direction y of the layer (poloidal). The magnetic

field has a shear

B = By (x) = −B0 tanh
( x

L

)
and we introduce the z component of the magnetic potential

By =
∂A

∂x

A = Az (x) = −LB0 ln cosh
( x

L

)
in the unperturbed state. The magnetic field has the magnitude B0

at the upper and lower limits of the layer (with opposite directions).
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The process consists of the deformation of the profile of the leyer

L0 → L (t, y)

In the layer there is the current and on every unit length of the layer

along x the total current is

i0z

When the layer thickness on x is smaller than the ion Larmor radius,

the magnetic field can penetrate the deformed surface of the layer. In

the long wave limit the magnetic field at the surfaces of the deformed

layer

x = ±L (t, y)

2

does not differ too much of B0. Then the total current per unit of
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y-length is always the same

iz = L (t, y) jz

= i0z =
cB0

2π

The current density is

jz = en (viz − vez)

(here e = |e|). The plasma is neutral

ne = ni = n

Then

viz − vez =
cB0

2πenL (t, y)
=

const

nL

We note that the product

nL

F. Spineanu – Association Day 2010 –



ELMs and filaments 29

is actually a density of the plasma (on every unit y-length). We have

to keep the conserved number of particles

∂

∂t
(nL) +

∂

∂y
(vnL) = 0

where v is the velocity of plasma along the direction of the layer, y.

One can introduce a normalized density of plasma

ρ (t, y) =
nL (t, y)

n0L0

and the previous equation becomes the usual density conservation

∂ρ

∂t
+

∂

∂y
(ρv) = 0
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In the equation of motion only the j×B term is important

∂v

∂t
+ v

∂v

∂y
=

1

nmic
(−jzBx)

=
e

mic
(viz − vez)

∂A

∂y

When the system is invariant along the z direction then the

generalized momenta of the electrons and of ions are conserved

miviz +
e

c
A = const

mevez − e

c
A = const′

Then
∂A

∂y
= − cmime

e (me +mi)

∂

∂y
(viz − vez)

The difference of the two velocities is obtained from the continuity
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equation, expressed in terms of the quanity nL,

viz − vez =
cB0

2π

1

nL

=
cB0

2πn0L0

1

ρ

from which we get

∂

∂y
(viz − vez) =

cB0

2πn0L0

(
− 1

ρ2
∂ρ

∂y

)

The equation of motion is

∂v

∂t
+ v

∂v

∂y
=

e

mic
(viz − vez)

∂A

∂y

= c20
1

ρ3
∂ρ

∂y
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The constant is

c0 =
2vAδ0
L0

The other condition is

δ0 � L0

The solution of the equations of the “Chaplygin” fluid

The two equations
∂ρ

∂t
+

∂

∂y
(ρv) = 0

and
∂v

∂t
+ v

∂v

∂y
= c20

1

ρ3
∂ρ

∂y
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is obtained using a hodograph transformation. The formulas are

nL

n0L0
= ρ (t, y) =

sinh (|τ |)
cosh (τ)− cosχ

v

c0
= − sinχ

sinh (|τ |)
where

τ =
t

t∗
< 0

χ =
x

c0t∗

The time-like variable τ is introduced such that the unperturbed

state is located at t → −∞ and the complete tearing of the layer is

done when

δχ = π , at τ = 0
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The solution is obtained indirectly; first

y (t, ρ)

The solution of tearing This solution is

± y

c0t∗
= χ (τ, ρ)

= λ+ arctan

(
λ

|τ |
)

and

λ =

√
|τ | ρ
1− ρ

− τ2

where

ρ < 1

−∞ < λ < +∞
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The solution representing a single hill This is of the form

± y

c0t∗
= χ (τ, ρ)

= π + λ− arctan

(
λ

|τ |
)

and

λ =

√
|τ | ρ
ρ− 1

− τ2

The quickest growing solution is the periodic one

± y

c0t∗
= χ (τ, ρ) = z + arctan

(
z

r − 1

)

z =

√
exp (−τ/2)−

(
1

ρ
− 1

)2
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The density varies between the limits

1

1 + exp (− |τ |) = ρmin < ρ <
1

1− exp (− |τ |)
The solution describes periodic hills whose maxima become infinite at

τ → −0

but the minima are never exactly 0.
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The solution from Troubnikov

There is a breaking up of the

density in the layer

The density is higher on both sides of the maxima of vorticity.
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Vortex nucleation is superfluids and in Bose-Einstein condensates

The condition of creation of a vortex ring has been formulated by

Feynman :

the velocity of the superfluid component must be greater than the
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velocity self-induced by the ring

Vsf > V ring =
�

2mR
ln

(
8R

a
− 1

)

and the self-energy of the flow in a vortex ring is

Ering = ρs
�
2π2

m2R

[
ln

(
8R

a

)
− 3

]

This energy is taken by Langer Fischer at the exponent of a

barrier-type expression for the probability of nucleation

Γ = Γ0 exp

(
−Ering

kT

)
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The Kelvin-Helmholtz instability actually breaks up he flow into

separated filaments that evolve to produce a single vortex.

Destruction of a sheared layer: generation of vortices followed by

vortex merging
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KH instability when there is a weak magnetic field

If the magnetic field parallel

to v is small

Typical for ionosphere

However for fields like in tokamak the KH instability is either suppressed

or it has small growth rate.
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KH : There is a magnetic field perpendicular on the plane

There is no initial shear of the

magnetic field

From Miura.
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The possible model for filamentary ELMs

The fluctuations are possibly Gaussian with rare extreme events. A

strong fluctuation leads the system deep in the nonlinear stage of a

KH instability, where the linear analysis (dispersion relation) is

irelevant. The possible stabilization is governed by reaching a

structure form, an extremum of the system’s action.

We note the possible existence of a synergy: filament of vorticity are

synergetic with filaments of current density.
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• The isloated KH event triggers vortex nucleation

– double spiral and effective radial constriction of the vorticity

(experiments)

– stretching of ω, parallel variation of the parallel current (conser-

vation of ion polarization current)

– stabilization of the annular vortex reaching the condition of a

structure (field theory)

• start of a periodic modulation of density out of high ω centers (drop

on ceil)

• baroclinic terms couple the density gradient with the gradient of

perturbed B

• the current filamentation is enhanced by the z-forcing

• the local helical lines induce swirl and stabilize the vortex

The current and the vorticity have coincident maxima.
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KH : There is a double spiral that is generated

This is the Fremat Spiral This is obtained from numerical

simulations.
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Vortex nucleation in strongly sheared velocity layers

Vortex nucleation is a process that appears when the vorticity goes

beyond a certain level. It is then more convenient for the system

(fluid or plasma) to generate vortices which concentrate the vorticity

than to keep it distributed over a volume.
• superfluids

• protoplanetary disks

• Bose-Einstein condensates

• planetary atmosphere

There are two consequences of generating vortices: (1) the vorticity is

transported and depleted into the smaller velocity part of the sheared layer

(which means saturation of the poloidal rotation); (2) the sheared layer is

destroyed and filaments replaces the layer, suppressing its property of

transport barrier.

Let’s see what happens to others.
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